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1. Introduction 

Borcherds forms are meromorphic modular forms for arithmetic subgroups L of 
the orthogonal group 0(n, 2) which arise from a regularized theta lift of (vector 
valued) modular forms of weight 1 — 5 for SL 2 {'L) with poles at the cusp. They 
have interesting product expansions and explicitly known divisors (cf. In some 
cases they can be realized as classical modular forms, such as the difference of two 
modular j-functions or as the discriminant function A (see [3]). In this paper, we 
give a factorization of values of Borcherds forms at CM points. The main result 
can be viewed as a generalization of the singular moduli result (Theorem 1.3 of [9]) 
of Gross and Zagier. In fact, our method gives a new proof of their result, which 
will be discussed in a sequel to this paper. 

Let V be a vector space with quadratic form Q of signature (n, 2) and let D be the 
space of oriented negative-definite two-planes in V"(M). D is the symmetric space 
for 0(n, 2) and has a Hermitian structure. For example, when n = 1, D ~ fj + Ufj - 
is the union of the upper and lower half-planes 9j = f) + and Sj~ , respectively. Let 
H = GSpin(y) and let K C H(Af) be a compact open subgroup, where Af is the 
finite adeles. We consider the quasi-projective variety 

Xk = H(Q)\(D x H{k f )/K) ~ ]Jr i \ J D+ ) 

3 

for a finite number of arithmetic subgroups Tj C H(Q), and where D + C D is the 
subset of positively oriented two-planes. 

Recall the theory of Borcherds forms on Xk- For a lattice L C V with dual 

L v = {x £ V | (x,L) C Z} 

such that L v D L, there exists a finite dimensional subspace Sl C S(V(Af)) of the 
Schwartz space of V(Af) defined as follows. Let L — L(S>% Z. Then is the space 
of functions with support in L v which are constant on cosets of L. A natural basis 
of Sl is 

far, = char(?y + L) \ r) G L v /L} 
and dim Sl = \L V / L\ . There exists a representation u> of (the metaplectic extension 
r' of) r = SL2CZ) on S(V(Af)) preserving Sl', see section 4 of 21 f° r details. 
A modular form F : fj —> Sl of weight 1 — 5 and type u> for T satisfies 

F( 7 r) = (cr + d) 1 -tu;(7)(F(T)) 
for all7=("^)er. The function F has Fourier expansion 

(1) F(t) = J2 F v (r)<p n = E E c n(™)<rVr,, 

■q r] m 
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where q = e 27 " r . We say that F is weakly holomorphic if only a finite number of 
the C7j(m)'s with m < are non-zero. Furthermore, we call such a modular form 
integral if the non-positive Fourier coefficients lie in Z. 

To a weakly holomorphic integral modular form F of weight 1 — Borcherds 
attaches a function ^>(F) (called a Borcherds form), which is a meromorphic mod- 
ular form on the space D x H(Af) with respect to H(Q). The weight of ^f(F) is 
kCo(O) and the divisor of ^(i* 1 ) 2 is given explicitly in terms of the negative Fourier 
coefficients of F, 

div(*(F) 2 ) = J2 E ^(-m^m^JQ, 

7/ m>0 

for divisors Z(m,r), K) on X/f. The concrete connection between F and ^(.F) is 
given by a regularized theta lift 

&(z,h;F):= [ (( F{T),6(r,z,h) ))v~ 2 dudv , 
Jr\si 

where z G D,h G H(Af) and r = u + iu G fj, and where (( F(t),8(t,z,Ji) )) is 
a theta function constructed from the Fourier expansion of F; see section 12.11 for 
details. Since F has a pole at the cusp, this integral diverges and so it must be 
regularized. See 2 or section [2~T1 for the exact definition of the regularized integral. 
When z is not in the divisor of 'i'(F) we have 

(2) &(z,h;F) = -21og||*(z,/i; J F 1 )|| 2 , 

where 1 1 • 1 1 is the Petersson norm, suitably normalized. Our goal is to evaluate the 
averages of &(F) over certain sets of CM points. 

To define CM points, we consider a rational splitting 

V = V+ ffi U, 

where V + has signature (n, 0) and U has signature (0,2). This determines a two- 
point subset Dq C D consisting of U(R) with its two possible orientations. Let 
T = GSpin(C7) and K T = K n T(A f ). We obtain a zero cycle 

Z(U) K = T(Q)\(d x T(K f )/K T ) ^ X K , 

which we regard as a set of CM points inside of Xk- The main theorem is 

Theorem 1.1. (i) <£>(F) is finite at all CM points. 

(ii) There exist explicit constants K^im) such that 

(3) E ^^) = ^ryEE c ,(--KM, 

z£Z(U) K V m>0 

where the Oq{— m)'s are the negative Fourier coefficients of F. 
Now using relation J2J) we obtain 

Corollary 1.2. When Z{U)k does not meet the divisor of^(F), we have 

(4) Y, log||*(^F)|| 2 = — |-^^ C ,(-mK(m). 

zGZ(U) K V ™>0 
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When Z(U)k meets the divisor of ^f(F), it remains to give an interpretation of 
Theorem II .11 in terms of the function *£(F). 

The constants K n (m) come from Eisenstein series on SL2 ■ The quantity in the 
left hand side of © can be written as an integral 

/ <S>(z ,h;F)dh= [ [ {(F(T),9(T,z ,h)j)v- 2 dudvdh, 
JS(u) Js(u) Jr\f, 

where S(U) = SO(U)(Q)\SO(U)(A f ) and z Q e D . Here we write the thcta 
function as a tensor product 

0(t, zo,h) =9 + (T,z )<g>0-(T,z ,h) 

of the theta functions for V + and U, respectively. Then we use the contraction map 
(■,9+) (see section EOl for details) and write 

(( F(T),9(r,z ,h) )) = (( (F,e + )(T),6-(T,z ,h) )), 

where (F, 9 + ) £ S(U(Af)). After some justification, the order of integration (where 
the inside integral is regularized) can be switched giving 

(5) / (( (F,6+)(t), [ 9^(T,z ,h)dh))v- 2 dudv. 

Then by the Siegel-Weil formula, the integral of 6L(t, zo, h) on S(U) gives rise to a 
coherent Eisenstein series, E(t, s; — 1), of weight — 1. For the definition of the term 
coherent, see [H]- With this Eisenstien series, we can write (0) as 

(6) / (((F,e+)(T),E(r,0;-l)))v- 2 dudv. 
Jr\?> 

Using Maass operators we relate E(t, s; —1) to another Eisenstein series, E(t, s; +1), 
of weight +1 via 

E(t, s; -1)v~ 2 = — Tp {E(t, s; +1)} . 
s or 

One phenomenon that is very specific to the case of signature (0, 2) is that the 
resulting Eisenstein series E(t,s;+1) is incoherent. Hence, E(t,s;+1) satisfies an 
odd functional equation with respect to s 1— > — s, and, therefore, vanishes at s = 0. 
The integral can be evaluated using a Stokes' Theorem argument and some 
convergence estimates about the Fourier coefficients of E(t,s;+1). This leads to 
the constants K n (m) as follows. 

For V = V+ © U and L C V, let L + = V+ n L and L_ = U n L. If fi G L^/i_ 
and iff! = char(/i + L_) we write 

E(T,s;tp„,+l) =^^(s,m,u)q m , 

m 

where the Fourier coefficients have Laurent expansions 

A fJ/ (s, to, v) = bp(m, v)s + 0(s 2 ). 
In order to define K v (m), we first define 

{lim^oo b^(m, v) if m > 0, 
fco(0)^(0) ifTO = 0, 

if m < 0, 
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where ko(0) is a constant which depends on the space U (see Definition EH3). Let 
L v = U(»J + £). L = \J(\ + L + + L_) 

V A 

and write 77 = n + + A = A + + A_. Then we define 

\ x£r] + + \ + +L + 

The space U is a rational quadratic space of signature (0,2), so U ~ k for an 
imaginary quadratic field k and the quadratic form is just a negative multiple of 
the norm-form. When k has odd discriminant and then 

-2 , > 
voI(At) 

is the logarithm of an integer. Thus, if F has Co(0) = 0, so that "i>(F) is a mero- 
morphic function, then Corollary 11.21 shows that 

(7) n ii^^ii 2 

zez(u) K 

is a rational number. Moreover, if all of the negative Fourier coefficients of F are 
non-negative, then Q is actually an integer. In the case of signature (2, 2), similar 
results were obtained in [5] for certain rational functions and CM points on a Hilbert 
modular surface. If co(0) ^ 0, then there is a transcendental factor 

(And)' 1 e L i°>«) 

appearing in J7J), which is related to Shimura's period invariant, ESJiEliEl! f° r the 
CM points in the 0-cycle Z(U)k- This factor arises from the trivialization over the 
CM cycle of the line bundle of which $>(F) defines a section. 

We can say a little bit more about the rational number appearing in 0. The 
formulas we obtain for n v (m) tell us the explicit factorization of the rational part 
of J7J. Then, as a consequence of Corollarv ll.2l we are able to state a Gross-Zagier 
type of theorem about which primes can occur in the factorization. For F as in JQl, 
define 

Timax = max{m > | c n (—m) 7^ for some 77}. 

Theorem 1.3. Let —d be an odd fundamental discriminant and assume U ~ k — 
Q(y/—d). Also assume that L_ ~ o for an O^-ideal o. Then the only primes which 
occur in the factorization of the rational part of 

n p(^)n 2 

zez(u) K 



(i) q such that q \ d, 

(ii) p inert in k with p < dm max . 

As mentioned in Theorem ll.il one striking phenomenon that occurs in this paper 
is that the regularized theta lift Q(F) is always finite! This is interesting since the 
Borcherds form ^>(F) can have zeroes or poles, and J2J) only holds when the right 
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hand side is finite. Considering this, one might say that the theta lift is over- 
regularized, and it would be interesting to find the analog of Corollary If .21 when 
Z(U)k meets the divisor of 'i'(F). 

There exists lots of recent work on singular moduli, particularly traces of singular 
moduli (e.g. pQ, 0] and ^H]). By considering the case of signature (1,2), Theorem 
1.3 of [Hj can be recovered from Theorem ll.il The appropriate quadratic space is 

V = {x e M 2 (Z) I tr(» = 0} 

with Q(x) — det(x). For a particular choice of F, 

IJ II (i(n)-i(ra)), 

z£Z(U)k [Tl]Jr 2 ] 

where t\ and r 2 are CM points with relatively prime fundamental discriminants and 
[rj] denotes an equivalence class modulo <SX 2 (Z). The right hand side of Q then 
gives the same factorization as in |5] . We will discuss this new proof of Gross-Zagier 
in a subsequent paper. 

2. Main theorem in the case of signature (0, 2) 

2.1. Basic Setup. We begin by introducing some notation and relevant back- 
ground material, and we refer the reader to section 1 of |1 2| for more details. Let 
V be a vector space over Q of dimension n + 2 with quadratic form Q, of signature 
(n, 2), on V. Let D be the space of oriented negative-definite 2- planes in y(M). 
For z £ D, let pr z : V(R) — > z be the projection map and, for x £ V(R), let 
R(x,z) — — (pr z (x), pr z (a;)). Then we define 

(x, x) z — (x, x) + 2R(x, z), 

and our Gaussian for V is the function 

V o(x,z)=e-^' x ^. 

For r G f), t = u + iv, let 




and g' T = (g T , 1) G Mp 2 (M). Let I = | — 1, G = SL 2 and cu be the Weil represen- 
tation of the metaplectic group G' A on S(V(A)), the Schwartz space of F(A). If 
H = GSpin(V r ), then for the linear action of H(Af) we write u)(h)ip(x) — ip(h~ 1 x) 
for ip £ S(V(Af)). If z G D and h e H(Af), we have the linear functional on 
S(V(Af)) given by 

(8) (pt — > 9(T,z,h;<p) =v-? ^{9'r){Voo{-,z)®^{h)v>){x). 

x€V(<Q>) 

Let L c V be a lattice with dual 

L v = {x € V I (x,L) C Z} 

and let Sl C 5(V"(A/)) be the space of functions with support in L v and constant 
on cosets of L, where L = L ®% Z. We remark that Sl is finite dimensional and 
has a natural basis given by 

{tp v = char(?7 + L) \ r) e L v /L}. 
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We also have 

S(V(A f )) = maS L - 

L 

Let T' = Mp 2 (Z) be the full inverse image of T = SL 2 (Z) C G(M) in G' M . For 
F : ft — > Sl, the Fourier expansion of F can be written 

(9) F(r) = J2 F v (r)^ = £ £ c,(m)q m ^. 

Definition 2.1. IFe say F : ft — -> Sl is a weakly holomorphic modular form of 
weight 1 — § and type u> for V if 

(i) F(Yt) = (cr + d) 1 -^ w ( 7 ')(F(r)) for ally S T\ w/iere 7' h-> 7 = (« e T, 
(m) i* 1 is meromorphic at the cusp, i.e., only a finite number of the c^(m)'s 
to < are non-zero. 

Note that when n is even, w is a representation of Ga and we can just work with 
r. The Fourier expansion in (J5J) is essentially the Fourier expansion given in [5], 
where in that paper he works with group ring elements e„ G C[L V /L] instead of 
the Schwartz functions ip„. Since the theta function 0(t,z, h) is a linear functional 
and F(t) € S(V(At)), we can define the C-bilinear pairing 

((F(r),9(T,z,h)))=e(T,z,h;F(r)). 

In terms of the Fourier expansion of F, this is 

(( F(t), 6(t, z, h)))=J2 F v {t)6(t, z, h; Vv ). 
n 

Note that as a function of r, the above pairing is T-invariant (with a pole at the 
cusp) since the weights of 9 and F cancel and their types are dual. Using this 
pairing we define 

$(z,h;F) := [ ((F(r),9(T,z,h) ))dp(r), 
Jr\si 

where dfj,(r) = v~ 2 dudv and the integral is regularized as in The regularization 
is defined by 



(10) / 0(r)d/i(r) - CT lim / 0(t)^o>(t) 

Jr\s) CT=0 I Jr t 

where we take the constant term in the Laurent expansion at a = of 



lim / ^(r)v- CT d/i(r), 

defined initially for Re(er) sufficiently large. Here T is the usual fundamental do- 
main for the action of T on ft and 

T t = {TtF\ Im(r) < t} 

is the truncated fundamental domain. 
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2.2. Borcherds Forms. The space D is a bounded symmetric domain. It can be 
viewed as an open subset <2_ of a quadric in P(V(C)). Explicitly, 

D~6- = {w£ V(C) | (w, w) = 0, (w, w) < 0}/C x , 

where the explicit isomorphism is [21, 22] ► w = Z\ + iz2 for a properly oriented 
basis [zi, Z2\- Assume if is a compact open subgroup of H(Af) such that H(A) = 
H(Q)H(R)+K, where H(R)+ is the identity component of H(R). Define 

X K :=H(Q)\(DxH(A f )/K). 

This is the set of complex points of a quasi-projective variety rational over Q, and 
if T K = H(Q) n H(R)+K, then X K ^ T K \D+, where £>+ C D is the subset of 
positively oriented 2-planes. 

Let Cd be the restriction to D ~ Q_ of the tautological line bundle on P(V(C)). 
From this we get a holomorphic line bundle C on equipped with a natural 
norm, || • || na t, called the Petersson norm. Assume we have 

V(R) = V Q + Re + Rf, 

where e and / are such that (e, /) = 1, (e, e) = = (/, /). Then sig(Vb) = (n — 1, 1) 
and for the negative cone 

C = {y e Vb I (y,y)<0}, 

we have 

D ~ D := {z G V (C) I y = Im(z) G C}. 
The explicit isomorphism is 

B -> V(C), z 1 ^ uj(z) := z + e - Q(z)/ 

composed with projection to Q_. The map z > u>(z) can be viewed as a holomor- 
phic section of Ljj. 

We now define the notion of a modular form on D x H(Af). 

Definition 2.2. ^4 modular form on D x H(Af) of weight m G 4^ * s a function 
* : L> x H(Af) -> C sucA ifcat 

(1) f(z, Wc) = *(z, /i) /or a// k E K, 

(2) ^(jz,jh) = z) mi fy(z, h) for all "/ £ H(Qi), where j (7 , z) is an automor- 
phy factor. 

Meromorphic modular forms on D x H(Aj) of weight to G Z can be identified with 
meromorphic sections of £® m . If v]/ is such a meromorphic modular form, then the 
Petersson norm of the section (z, h) 1— > ^(z, h)w(z)® m associated to \E' is 

For reasons we will see below, we renormalize || • || nat and instead work with the 
following norm 

27re r «) . 

The "extra" constant in the metric here is related to that occuring in 14 . Borcherds 
proved that the regularized integral $>(z, h; F) satisfies the equation 

(11) $(z, h ; F) = -2 log \\*(z, h; F)\\ 2 nat - c (0)(log(27r) + T'(l)) 

= -21og||vI/(z,^;F)|| 2 
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for a meromorphic modular form ^>(F) on D x H(Af) of weight m — |co(0) when 
z does not lie in the divisor of ^f(F). 

Remark 2.3. In fact, $(X) may still be finite for z 6 D even if z lies in the divisor 
of This value of &(F) must have another meaning there. 

Definition 2.4. A Borcherds form ^(F) is a meromorphic modular form on D x 
H(Af) which arises (via ) from the regularized theta lift of a modular form F. 

2.3. CM Points. Assume that we have a rational splitting 

V = V+ © u, 

where V+ has signature (n, 0) and U has signature (0,2). This determines a two- 
point subset {zq } = Do C D given by £/(R) with its two orientations. For zq 6 Dq, 
we are interested in computing the integral 

(12) / $(z ,h;F)dh. 

JsO(U)(Q)\SO(U)(A f ) 

Let T = GSpin(£7) and note there is a natural homomorphism T — > H . Let K be 
as in section l2~2l and define Kt — K T(A/). Consider the set of CM points 

Z(U) K ■= T(Q)\(d x T(A f )/K T } X*. 
We want to compute 

vol{K T ) V $(z;F) = -2 [ <P(z ,h;F)dh. 

zeZ (U) K JSO(U)(Q)\SO(U)(Af) 

Note that after normalizing by the volume of Kt, this expression is independent of 
the choice of K. 

2.4. Convergence Questions and Regularization. First we consider the case 
when n = and our space V = U is negative-definite. In this case, D — Do, the 
Gaussian is foo(x) = e^^^ and the theta function is 

(13) e(T,z ,h;v) = v L 2 ubtt^Mh- 1 *), 

xeu(Q) 

for any ip 6 S(U(Af)). When n = and we have a lattice L C U we write /i € L v /L 
and c/3 M = char(^ + L). Let X(t) be a weakly holomorphic modular form of weight 
1 valued in Sl, and let 

(14) F(r) = E F*(t)<P» -EE ^(m)q m ^> 

where runs over L v /L. We assume c M (m) € Z for m < 0. The functions i 7 ^ are 
meromorphic modular forms with some real multiplier for a congruence subgroup 
of SL2(Z), and it will be very useful to know how large their Fourier coefficients 
can be. 

Lemma 2.5. Assume 6 Z is such that c^(m^) ^ and c M (m) = for all 
m < rri/j,. Then there are constants C and C such that, for m > 0, 

Mm)| < C ((-m M + 2)(m - m,,) 6 + m 6 e c ^) , 

where C depends on and on the multiplier and C depends on the polar part of 
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Proof. The cusp form of weight 12, (2w) 12 A(r) = q]l^Li(l — q") 24 , has Fourier 
expansion 



(2^)- 12 A(r) = £ r{N)q N , 



N=l 



where \t(N)\ < CiN 6 for some constant C x . Let A(t) = (2tt)- 12 A(t). We can 
look at F^/A, which has weight — 11 = 1 — ^. If 

oo 

F/j,/ a = ^Mq m , 

m—m^ — l 

then for m > 0, (3.38) of ^2 tells us there are constants C2 and C such that 

|o M (m)| < C 2 m~¥e c ^, 

where C depends on m M and on the multiplier. We have 

00 00 

F,(r)=(Y, T ( N ^ N ){ E «>*)q m ) 



00 00 



771— m^ — 1 



iV= 1 m= rrifj, — 1 

• m— m M + l 



E 



2 r(jV)a p (m-iV) 



AT=1 



Then 
M m )l 



m— m„ + l 



^ r(JV)o M (m-JV) 

iV=l 

^ r(A0a p (m-A0+ E 



N>m 

m— m H +l 



0<Af<m 



<Ci ^ iV 6 Mm- A0|+CiC 2 E ^V-^T^e ^™^. 



0<N<m 



We know there is a constant C3 such that ja^m)! < C3 for m € {to m , . . . , 0}, and 



thus 



|c p (m)| < CxCsi-m^ + 2)(m - nv) 6 + dC 2 m 6 e c ^ 



< C" ((-m„ + 2)(m - m M ) 6 + m 6 e c ^ , 

for some constant C . 

In the n = case, the following over-regularization phenomenon occurs: 
Proposition 2.6. For h G H(Af), 



is always finite. 



a 



$(z , h\ F) = / (( F(t), 8(t, zo, h) ))dn(r) 
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Proof. This case corresponds to signature (2,0) in 0. In Theorem 6.2 of 0, 
Borcherds points out that <£> is nonsingular except along a locally finite set of codi- 
mension 2 sub-Grassmannians A , for some negative norm vectors A G L. No such 
vectors exist in signature (2,0). For ease of the reader, we give the proof in our 
notation. We have 



(15) / ((F(r) ) 0(r,zo,/i))WT) = CT lim / 6(t, zq, h; F^d^r) 
and we can write the integral on the right hand side of l|15|) as 

r,z 0l h;F)v" a dn{T) + / <9(r, z ,h; F)v~ a d^r). 



t 2 

dir. 

l _i 



The integral over the compact set T\ is finite and independent of t, so we just look 
at the first part. By [T^l, we have 

u{g' T )e* {x - x) = vh(uQ(x))e 27IvQ ( x \ 

where e(y) = e 2my . Then (Q3J is 

9(T,zo,h\<p)=v Y e{uQ(x))e 2mQ{ - x ^{h^x), 

x£!7(Q) 

and so the integral over T t — T\ is 
(16) 

t 5 

Y E J2 c^ip^h^x) I f e(um)e(uQ(x))e^ 27rvm e 2 ' TvQ( - x) v-' 7 - 1 dudv. 



1 _± 



Lemma 2.7. If m + Q(x) ^ Z, then c M (m) = 0. 

Proof. When we consider the transformation law for F, we have F(t + 1) = 
w(T)(F(t)). That is, for any x € C7(A/), 

^^ CAl (m)q" l e (mK(a;) = W (T) ( ]T £ c M (m)q m ^ J (a;) 

= ^^c M (m)q m a;(T)(^)W 
= ^^c,( m )q m e(-QWV,(x). 



We see m + Q(x) ^ Z implies c M (m) = 0. □ 
For m + Q(a;) € Z, 



e(um)e(uQ (x))du 



[l if to + Q(:c) = 0, 
I otherwise. 
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Integrating with respect to u in (|16|l and letting t —> oo gives 



e- 4mnv v-' J - 1 dv. 



OC 

EE E ^(m^h-'x) I 

m >0 Q(x)+m=0 

We have m > since Q(x) < 0. When m = 0, we get 

t 

5^^(0)^(0) / w- ff - 1 d« = c D (o)i(i -<-'). 
I* { 

which equals zero when we take the limit as t — > oo followed by the constant term 
at a = 0. For m > 0, (3.35) of [T2] says 

e -4irmv v -<r-l dv < ^ CT ) e -47rm 

for any e with < e < Airm, where the constant G(e, <r) is uniform in any cr-halfplane 
and independent of m. Using this in l|17|) . we have 

C( £ ,a)^^ C ,( m )e- 4 ™ J] <^~H 

/J ro>0 x6(7(Q) 
Q(a:)+m=0 

which is finite by Lemma 12.51 □ 

2.5. Eisenstein Series. Here we give the basic definition of an Eisenstein series 
and some related theory when V has signature (n, 2) for n even. What follows is 
a summary of the explanations given in |12| for n even, and we refer the reader to 
that paper for the more general theory. Inside of Ga, we have the subgroups 

N A = {n(b) \ beA}, n(b) = f 1 \ 

and 

Ma = {m(a) \ a e A x }, m(a) 

Define the quadratic character x — Xv of A x /Q x by 

X (x) = (x,-det(V)), 

where det(V) € Q X /(Q X ) 2 is the determinant of the matrix for the quadratic form 
Q on V. For s e C, let I(s, x) be the principal series representation of Ga- This 
space consists of smooth functions $(s) on Ga such that 

<Z>(n(b)m(a)g, s) = X (a)\a\ s+1 <S>(g, s). 

We have a GA-intertwining map 

(18) \ = \ v :S(V(A))^l(^,x), 

where X((f)(g) = (oj(g)<p)(0). If = SO (2) and K f = SL 2 {'L), then a section 
<5(s) G I(s,x) is called standard if its restriction to K^Kf is independent of s. 
The function X(ip) has a unique extension to a standard section $(s) € /(s, x) such 
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that $ (^) = \(<p). We let P = MN and define the Eisenstein series associated to 
$(s) by 

where Gq is identified with its image in Ga. This series converges for Re(s) > 1 
and has a meromorphic analytic continuation to the whole s-planc. 

One step in proving the (0, 2)-Theorem is to apply Maass operators to obtain a 
relation between two Eisenstein series. Let 



For r e Z, let Xr be the character of defined by 



ir6 , / cos V smi . 
' \— sm 6/ cos # y 

Let </> : Gr — > C be a smooth function of weight ?, meaning (f>(gkg) — Xl(^o)4'(9)i 
and let £(r) = v~2(f>(g T ) be the corresponding function on £). Then X±<p has weight 
Z ± 2, and the corresponding function on is 



v l ^X±<f>(g T ) 



(2if + le)(r) for+, 
-2*i; 2 §(r) for-. 



Lemma 2.8 (Lemma 2.7 of £e£ ^So(s) € Ioo(s, x) be the normalized eigen- 

vector of weight r for the action of Krx, . Then 

X ± ^ 00 {s)= l -{ S + l±r)^\s). 

For ip 6 5(V(A/)), let E(g, s; ® A(</?)) be the Eisenstein series of weight r on 
Ga associated to p. For the Gaussian, Poo(x, z), we have \(<Poo) — (§)) where 
Z = § — 1- This means that 

X_£(.g, s; $£ 2 ® A(^)) = \{s - I - l)E(g, s; C ® A(^). 
On f), this translates to 

(19) -2zi; 2 ^{^(t, S ;^,Z + 2)} = i(. S -|)^(r, S ;^0, 

where we write £ l (r, s; y>, Z) = E(g T , s; (8 A(y>)). One main result we need is 
the Siegel-Weil formula. 

Theorem 2.9 (Siegel-Weil formula). Let V be a vector space of signature (n, 2). 
j4sswme V is anisotropic or that dim(V) — ro > 2, where ro is the Witt index ofV. 
Then E(g, s; p) is holomorphic at s — 5 cmd 

/ n \ ct f 
E Iff, -;(f) = - / 9(g,h;p)dh, 

v ^ 7 ^ ./SO(V)(Q)\SO(V)(A) 

where dh is Tamagawa measure on SO(V(A)) 7 and a is 2 if n = and is 1 other- 
wise. 
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Here 9(g,h;ip) is defined as in JHJ without and with g replacing g' T . The 
integration for SO(U)(M) is with respect to the action h^x in the argument of 
(foo. The cases which are omitted in the Siegel-Weil formula are when n = 1 = ro 
(V is isotropic) and n = 2 = tq (V is split). 

Let us now consider the situation V = U, sig(f/) = (0,2). The representation 
we are interested in is 1(0, x)- This global principal series is a restricted tensor 
product of local ones, 

For the local space U v — U(Q V ), define the quadratic character Xv of Q* by 

Xv(x) = {x, -deb(U v )) v . 

Let R V (U) be the maximal quotient of S(U V ) on which 0(U V ) acts trivially. The 
following proposition is a special case of Proposition 1.1 of |llj . 

Proposition 2.10. (i) If v ^ oo, then 

I v (0,Xv) = Rv(U + )®R v (U-), 

where U ± has Hasse invariant e ll (J7 ± ) = ±1. 
(ii) If v — oo, then 

I oo (0,Xoo)=Roo(U(0,2))(BRv O (U(2,Q)), 
and the spaces U(0,2) and [/(2, 0) have opposite Hasse invariants. 
Recall the notion of an incoherent collection. 

Definition 2.11. An incoherent collection C — {C v } of quadratic spaces is a set of 
quadratic spaces C v such that 

(1) For all v, diui(Q v (C v ) = 2, and xc v = X- 

(2) For almost all v, C v ~ U v . 

(3) (Incoherence condition) The product formula fails for the Hasse invariants: 

]Je v (C v ) = -1. 

V 

Then we have, cf. (2.10) in [TT] . 

/(0j)^®n([/')J®|®n(c)j 

as a sum of two irreducible pieces defined as follows. U' runs over all global qua- 
dratic spaces of dimension 2 with xv — Xj while C runs over all incoherent collec- 
tions of dimension 2 and character Xi an d 

u(u') = ®' v Rv{u'), n(c) = ®'MC). 

For A = \{j as in JTSJl, we have A(( ( 5 00 ) = $~ x (0), where (fr^ 1 is the normalized 
eigenvector of weight —1 for the action of K^. From the theory of principal series 
representations, we have $^(0) G Rca(U(0, 2)) and $^(0) G R oo (U(2,0)). Then 
Lemma 12.81 implies 

(20) X+^(s) - is$^( s ), 
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so we see that the Maass operator X+ shifts the coherent Eisenstein series 

E(g, s; $^®\((p)) to the incoherent Eisenstein series E(g, s; ^^(Xi A (</?)). Theorem 

2.2 of JT] then tells us that 

BfoO;*^® \(<p)) =0. 
2.6. The (0, 2)-Theorem. The integral we want to compute is 

(21) f ^{z Q ,h;F)dh, 

J SO(U)(Q)\SO(U){A f ) 

which is equal to 

(22) f [ ((F(r),e(T,Zo,h)))dn(r)dh. 

J SO(U)(Q)\SO(U)(A f ) Jr\f} 

As in |12j . we would like to be able to switch the order of integration, where the 
inside integral is regularized. That is, we want l|22|l to equal 

/ ((F(t)J 9(T,Z ,h)dhj)d f i(T). 
Jr\<o J SO(U)(Q)\SO(U)(A f ) 

Note that F : ft -> S L implies F(t) G S(U(A f )) K , where 

K = {he H(A f ) | h(X + L) = A + L,VA G L v /L} 

is an open subset of H(Af). 

Before we justify the interchange of integrals, we need to make some remarks 
about our specific case. For a reference on Clifford algebras, see [H] or ^Uj. The 
Clifford algebra C{U) can be written as C(U) = C°(U) C^U), where C°(U) 
and C 1 (/7) are the even and odd parts, respectively. C°(U) X acts on C 1 (C7) by 
conjugation. Assume U has basis {u, v} with Q(u) — a, Q(v) — b and (u, v) = 0. 
Then C(U) is spanned by {l,u,v,uv} with C°(U) = span{l,uw} and C 1 (J7) = 
span{w, v}. By definition, 

H = {geC a (Ur \gUg- l = U}. 

Since C l (U) = U, H = C"(U) X . In C°(U) we have (uv) 2 = -ab, so if k = 
Q (V-ab), then H ~ k x . This means SO(U) ~ fc 1 and A; x -> fc 1 is the map 

as 

a; i—* — 

by Hilbert's Theorem 90. We have the exact sequence 

1 -> Z -> i? -> 50(t/) -> 1, 

where ff(A/) ~ k* f ,H(Q) ~ fc x ,Z(A / ) ~ and Z(Q) ~ Q x . 

Lemma 2.12. For any negative-definite space U with quadratic form Q of signature 
(0,2), we realize U ~ fc /or an imaginary quadratic field k and Q is given by a 
negative multiple of the norm-form. 

If B(h) is a function on H(Af) which only depends on the image of h in SO(U)(Af), 
then we can view B as a function on SO(U)(Af) as well. 
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Lemma 2.13. Let B(h) be a function on if (A/) depending only on the image of 
h in SO(U)(Af). Assume B is invariant under K and H(Q). Then 

[ B(h)dh = vol(K) V B(h), 

JsO(U)(Q)\SO(U)(A f ) heH m \H(A f )/K 

and the sum is finite. 

Proof. We have the exact sequence 

1 - k° A -> k* -> R* -» 1, 

where the map to is the absolute value map. By the product formula, fc x C k A 
and we know k x \k A is compact. 

Lemma 2.14. k x = Qlk° A . 

Proof. Q A injects into A;^ and also maps onto R+. So if (a) G k A then 3(6) G 
with |(6)| = |(a) |. Then (6) e^ci A x implies k° A (b) = k° A (a), so (a) eQ^». □ 

Lemma 12.141 implies 

k x \k A ^k x Q x A \k x , 
and so k x Q A \k A is also compact. The set we integrate over is 

SO(U)(Q)\SO(U)(A f ) = H(Q)\H(A f )/Z(A f ) ~ fc x Q^\A^. 

This is compact since k x Q A \k A maps onto it. Then K is open and K D Z(Af) so 
H(Q)\H(Af)/K is finite. The volume term appears since B is AT- invariant. □ 

Proposition 2.15. 

/ ((F(T),6(T,Zo,h)))dfi(T)dh 

so{u)(®)\so(u)(kf) Jr\sj 



{(F{t), B(r,zo,h)dh))dn(T). 

J SO(U)(Q)\SO(U)(A f ) 

Proof. The main point is that since F(t) G S(U(Af)) K , we know 

((F(t),6(t, zo,h) ))d/i(r) 

r\fl 

is i^-invariant. So if we let 



B(h)= / ((^(rJ.^r.^A)))^), 



then Lemma \'Z . 1 31 savs 



/ B(h)dh = vol(K) V fl(/i) 

JsO(C/)(Q)\SO(C/)(A / ) heH(Q)\H(A f )/K 



(23) = / V0l(tf) £ 0(T,2!b,ft;F(T))d/*(T), 

,/r \^ h£H(®)\H(A f )/K 

since the sum is finite. Now apply Lemma f2.13l again to 9(t, zq, h; F(t)) and 123|) 
is 

((F(t)J e( T ,z ,h)dh))d f i(r). 
r\f> J so(u)(®)\so(u)(A f ) 
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□ 

The quadratic space U is anisotropic, so we can apply Theorem 12.91 This tells us 
that for any if <E S{U{k)), 

(24) f 6(T,z ,h;cp)dh = v?E(g T ,0;<p,-l), 

J SO(U)(Q)\SO(U)(A) 

where E(g T , s; tp, —1) is a coherent Eisenstein series of weight —1. Since 9(t, zq, h) is 
SO{U) (R)-invariant, it suffices to integrate over SO{U)(Q)\SO{U)(A f ). We choose 
a factorization for the measure dh = dh^o x dhf such that vol(50(f )(R)) = 1. 

Lemma 2.16. 

(£) / 9(T,Zo,hf,<p)dhf =v?E(g T ,0;ip,-l). 

J SO(U)(Q)\SO(U)(A f ) 

(ii) vol(K)- 1 = ±(#(H(Q)\H(A f )/K)). 

We let 

E(t,s;-1) :=v$E(gr,8;-l). 

Then for lj2*T)) we have 

(25) I $(z ,h;F)dh= [ ((F(r),E(r,0;-l)))df,(r). 

J SO(U)(Q)\SO(U)(A f ) Jr\S) 

For F as in JO}, the right hand side of 125(1 is 

(26) f ((F(t),E(t,0;-1) ))d^(r) = f V F^(t)E(t, 0; ^, -l)«- a dudu. 
Let 

/(*,*):= / y2F^{T)E{T, S ; Vlll -l)v- 2 dudv. 

In order to state the main theorem of this chapter, we view U ~ k — Q(s/—d), 
where — d is the discriminant of k, and let \d be the character of defined by 
Xd{x) — [x, — (Z)a- We define the normalized L-series 



s+l. 



a+1 



A{s, X d) =7T- — r (^"J ^(s,Xd)- 
Definition 2.17. For p e S(U(A f )), let 

E(t, s; ip, +1) = J2 A v( s > m > 

in 

where the Fourier coefficients have Laurent expansions 

A v (s, m, v) — b v (m, v)s + 0(s 2 ) 
at s — 0. For any ip € S(U(Af)), define 

{lim,,->oo b v (m, v) if m > 0, 
k o (0)ip(0) ifm = 0, 

ifm<0, 
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where 

(27) fc (0) = log(rf) + 2 A ' (1 V;i 



A(l,x«0 ' 

For ip = ip^ = char(/x + L) we write 

An(a,m,v) = A^(s,m,i;), 6 M (m, v) = b Vli (m, v), n^m) = K Vll (m). 

Theorem 2.18 (The (0, 2)-Theorem). Let F : ft ->• S L C S(U(A f )) be a weakly 
holomorphic modular form for SL^iTi) of weight 1, with Fourier expansion 

F(t) = £ F M (r)^ = E E ^Wl"*^. 

where [i runs over L v / L for some lattice L. Also, assume Cp{m) G Z /or m < 0. 
Let 

*(«b, h;^) = / (( F(t),9(t, z , h) ))dn(T). 
Jr\Sj 

Then 



/ §(z ,h]F)dh = 2^^Cp(-rn)K l i(m) 

JsO(U)(Q)\SO(U)(A f ) .. ' 



H m>0 



Proof. Our proof is similar to that in |12| . The integral we want to compute is 
given by (J2EJ- Letting I = — 1 in (T5jl. we have 

#(t, s; <p,i, -l)v~ 2 = — {£(r, s; +1)} . 

S OT 

This means we can write 

I(s,t) = ^ f d(Vi^(r) — E(T,a;<p„+l)di 
11 fj, s 

By Stokes' Theorem, this is 

= — / E F M{-r)E(r, s; <p M ,+l)dr 



-h+it 



-J- J ^F fJl {T)E{T,S) V ^+l)d% 



(28) =- -const, term of {^F^E^S'^^+lf 

The definition of the regularized integral implies 

f ((F(t),E(t,0))W(t) = 
Jr\ss 

Ct( lim / V F^E^O-^^-^v-^dudv}. 

<7=0 L t-°o Jjr t J 

We need Proposition 2.5 of 12 to hold for n — 0. If we use Proposition 2.6 of ^2] 
and the fact that a factor of 2 appears in the Siegel-Weil formula here, then in our 
notation the analogue of Proposition 2.5 of is 
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Proposition 2.19. 



= lim / y j F t t(T)E(T,0-<p^-l)v- 2 dudv-2c (0)log(t) 
L J:F t fi 

Proof. From Lemma \2. 131 the left hand side of the desired identity is 
vo\(K) VctI lim [ ((F(t), 0(t, z ,h) ))w _<T ~ 2 dudv 

where vol(K) = #{Hm \ 2 H{&f)/K y Fixing h, we have 
(29) 



CTi lim 

a—Q I t— >oo 



The first term in l|29|) can be written as 



((F(r), 0(r, ad, ft) ))tT ff - 2 dudu \ + / ((F(r), 0(t, z ,h) ))d/i(r) 



(30) 



CT i hm y C(<u, h^^dv 



where 



a(«,A)=t;- 1 ((F(T),6(T,z ,h)))du 



= const, term off 1 ((F(t), 0(t, zq, ft) )) 



47rt)Q(x) 



m>0 



Q(x)+m=0 



Then we write l{3"0|) as 



(j— I t — >oo 



(31) CT<Mim / [C(v,h)-co{0)]v- a - L dv+ lim coiO^-'dv 



As in [T21, 



[C(v,/i)-c o (0)]t;- ,T - 1 dw 



is a holomorphic function of a. Note, this fact follows, in part, from Lemma |2. 51 
For the other piece of l|31|) we have 



c o (0)ir' T - 1 dv = c o (0)-(l - r a ). 

a 
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This term makes no contribution when we take the limit as t — > oo followed by the 
constant term at a = 0. We arc left with 



lim 

t — >oo 



t i 

C(v, tyv^dv - / c (G)v- 1 dv 



lim 

t — >oo 



C(v,h)v- 1 dv - co(0)log(t) 



We have the volume term in front and we sum over h E H (Q)\H (A f) / K , so this 
adds on a factor of 2. □ 

We point out that the value co(0) appearing in (|14|l and in Proposition 12.191 is 
independent of the choice of L. If we view F(t) € S(U(Af)) as F(t,x) for x £ 
U(Af), then co(0) is the zeroth Fourier coefficient of F(r,0). Proposition ^ . 1 91 tells 
us that 

CT{ lim / V F^T)E(T^- Vtl ,-l)v- a - 2 dudv\ 

(J— t— >OQ I it A ' 

= lim / rF^T^r.O;^,-^-^^ - 2c (0)log(t) 



= lim 

t — *oo 



/(0,t)-2co(0)log(t) . 

We need to compute J(0,t). We have 

(32) A li (s,m,v) = b ll (m,v)s + 0(s 2 ), 

where there is no constant term in A^s, m, v) since E(r, s; ip^, +1) vanishes at 
s = 0. Then J2HJ implies 

2 ^ ^ 

/j m 

so using l(3"2T we have 

(33) 1(0, t) = 2j2J2 c»(-m)bn(m, t). 

rn 

Now we show that parts (i) and (ii) of Proposition 2.11 of 12 hold for n = 0. 

Proposition 2.20. (i) For m < 0, b^m^t) decays exponentially as t oo. 
(ii) 

Hm 2^^c,(-m)6,(m,t) =0. 

Proof. If y> M = ®p<Pn, p € S(U(Af)) and 

S(j 5 s; +1) = £ w (t, s; 

m 

then for m ^ we have the product formula 

E m (r, s; <£ M , +1) = A M (s,m,w)q m = W m ,oo(T, s; +1) JJ W m)P (s, ^.p), 

p 

where W m ,oo(r, s; +1) and W mjP (s, <y9 MlP ) are the local Whittaker factors at oo and 
p, respectively. Proposition 2.6 (hi) of p2] tells us that for m < 0, 

^™,oo(r,0;+l) = 0, 



20 



JARAD SCHOFER 



and 



*C,oo(t> 0; +1) = 7riq m J r^e-^^dr. 
l 

For the finite primes we have 

' =0(1). 



C(m) := ^^^(s,^.^! 



s=0 



Then 



6„(m,t) = C(m)W^ iOO (r J 0;+l) 

CO 



and we have 



|& M (m,t)| =0(«- 1 |m|- 1 e - 47r l m ^) . 
This proves (i). Part (ii) then follows from Lemma 12.51 



□ 



Part (ii) of Proposition 12 .201 tells us that we may ignore the sum on m < in 
This means our formula for the integral is 



SO(Um)\SO(U)(A f ) 



<5>(z ,h;F)dh 



lim 

t — >oo 



2 c M (-m)^(m, t) - 2c (0) log(t) 



We can improve this by looking at the m = part. The analogue of Proposition 
2.11 (iii) of [Hj is 



Lemma 2.21. For m = 0. 



&o(0,t)-log(t)=log(d) + 2 



A'(l,Xd) 



A(l,Xd)' 
and /or /x ^ 0, 6^(0, i) = 0. 

Proof. By Theorem 3.1 of ^7], we have 

S (r,s;^,+1) = u*<^(0) + Wq )0 o(t, s; +1) JJ W Q , p (s, 9Vd>) 



which by the duplication formula is 



2- s T(s)v-i 



_ r (^±i) 

V 2 / p 
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Theorem 5.2 of |17| implies Wo, P (s, = if tp^p is not the characteristic function 
of the local lattice. So 6 M (0, t) = for 7^ 0. Now let /1 = 0. Propositions 2.1 and 
6.3 of J7| imply 

E (r, s; </?q, +1) = «* - - ^ ^TTTT 

r(f + i) L(s + i,xd) 

where 

Co =2* n «^ 

q\d 

q— odd prime 

and 

if 2 is unramified, 
(3 2 ={-l if4|dand8|d, 



if 8 I d. 



Then C = ds . We have 



7r-*- 1 r(| + i)L(« + i,xd) 



£ _= A(s,Xd) ,_i 
= vz-v 2 , , ' d 2. 

A(s+l,Xd) 

The functional equation for A(s,Xd) (cf. |Zj) is 

A(s,Xd) = d^- s A(l- s lX d)- 
We normalize .E7o(t, s; y>o, +1) by (i - ^- A(s + 1, xd) giving 

£ft(r, s; po, +1) = d^u* A(l + s, Xd) - d^w" 1 (T S A(1 - s, Xd) 
= d^vi A(l + s, Xd) - d^w^i A(l - s, Xd) 



Hence, 

'9s 



£*''(t, 0; <p , +1) = 2— {<T*V A(l + s, X d)} 



= d*A(l, Xrf) (log(d) + log(«) + 2^p^4 

,A'(l,Xd 



= ft fc log(d) + log(<;) + 2- 

I A(l,Xd) 

by the residue formula. Then since E*''(t, 0; (fo, +1) = hkE'(r, 0; <^o, +1), we have 

A'(l,Xd) 
A(l,Xd) ' 

□ 



6o(0,t)-log(«)=log(d) + 2 



Now the in — part is 
2 X! c p(0)^(0, t) - 2c (0) log(t) = 2 ^ c^(0)6„(0, i) + 2c (0)(& (0, t) - Iog(t)), 

and Lemma T2 . 2 II tells us that this expression is 2co(0)fco(0). This finishes the proof 
of Theorem l2~T£l □ 
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3. Main theorem in the case of signature (n, 2) 

3.1. The Rational Splitting V = V+ ® U. Now we consider the general case. 
Assume that we have a decomposition V = V+ © U where V+ has signature (n, 0) 
and U has signature (0,2). For x e V, write x — x\ + X2, x\ G V + ,X2 € f . Let 
zo € -Do- Then i?(x, z ) = — (x 2 , a; 2 ) so we see 

i Poo (x,z ) = e- v{x ' x) *° = e -M(xi,xi)-(x 2 ,x 2 )] = e -7 r (x 1 ,x 1 ) e 7r(x 2 ,x 2 ) ) 

which is equal to <Poo,+ { x i)tPoo-{ x 2) for the Gaussians on V + and U, respectively. 
We also have ^(g'^ipr^ — u) + (g' T )(p rx ^ + <g> w_ (<7^-)<£ oo.- f° r the corresponding Weil 
representations. For this decomposition of V, we can write the theta function on 
S(V(Af)) as a tensor product of two distributions, one on S(V + (Af)) and one on 
S(U(Af j). To see this, let <p e S(V(A/)). The theta functions are linear, so it 
suffices to look at a factorizable Schwartz function <p = ip + <g> <£_ . This gives 

6(T,z ,h;ip) = w"5 ^ w(^)(^ oo (-,z ) <g> w(/i)v?)(a;) 

XI ( w +(.9r)¥'oo,+ (a;i)(^ + (/i+ 1 a;i))(w_(. 9 ;)( / 3 00 ^(x2)^-(/iI 1 a;2)) 

1,X2 

= v -5 ^w+(9^=o !+ (a:i)^(^ 1 ii)j 

X ^ -(^2)^-(^- 1 ^2)^ 

= 6» + (t, z o ,^ + ;^ + )0_(t, z ,/i_;<p_). 

Hence, 

0(T,z a ,h) = 9 + (T,zo,h + )®0-(T,z o ,h-), 
where their respective weights are ^ and —1. Since z is fixed, we write 

0±(r,h±) = 0±(T,z o ,h±). 

3.2. The Contraction Map. Now we describe the main way in which we use the 
above factorization of the theta function. Let ip e S(V(Af)). Then we can write 
tp = J2j ® V-i w fi ere € S'(y + (A/)), <G S(U(Af)) and the sum is finite. 
We define the contraction map 



x£V( 

_ I 
V 2 

Xl,X2 



by 



(;6+(T,h + )) : S(V(A f )) ^ S(U(A f )) 



It is clear that 

(34) (( v,6(T,z ,h) )) = (( (<p,9+(T,h+)),6-(T,h-) ))• 

The expression on the right hand side is nice because it is the pairing of a function 
in S(U(Af)) and the theta function for U. This is just as in the n = case. The 
value of the contraction map that we are interested in is (F(t),8 + (t, 1)). 
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Proposition 3.1. If F : io — * Sl is a weakly holomorphic modular form of weight 
1 — § and type uj for V whose non-positive Fourier coefficients lie in Z, then 

(i) {F{t), #+(r, 1)) is a weakly holomorphic modular form of weight 1 and type w_ 
forT' (cf. Definition al^ . 

(ii) (F(t),0+(t,1)) e S l _ forL- =Uf)L, 

(Hi) The non-positive Fourier coefficients of (F(t),6-\-{t, 1)) lie in Z. 
Proof. By definition, 

(35) (F(Vr),e + (Vr,fc + )) = (cr + d) (uj{i){F{r))^ + {i){6 + {T,h + ))) u . 
Assume that F(j) = J^j v\ ® We have 

w¥(Y)(0+(t,/»+)) = + (r,/ l+ ;c + ( 7 ')- 1 o •), 

so (|3*5l) is 

= (cr + d) ® w _(y)(^) J fl + (r,ft + ;a; + (7 / )- 1 o •)) 

= (cr + d) £ fl+(r, /i+^tO" V(70K))MY)(^) 
j 

= (cr + d) £ 6 + (r, / H ; ( 7 ') (<^_ ) 

j 

= (cr + d)c_( 7 ')«F(r),0 + (r,/ l+ ))). 
This proves (i). 

In order to compute the Fourier expansion of (F(r),9+{T,h+)}, we need the 
expansion of 6+(t, h + ; (p + ) for cp+ E S(V+(Af)). We take h+ = 1 since the integral 
we are interested in is 



$(zo, h; F)dh. 

ISO(U)(Q)\SO(U)(A f ) 

The explicit q-expansion of 6+(t, 1; <p+) is obtained via the action of the Weil 
representation on 5(V+(R)). In our particular case, 



111 



which by is 



(36) 



Define 



v -t v% e 2muQ{xi) e- nv{xi ' Xl) ip+(xi) 

n 

Xl 

£( £ <m*i))«t- 



Q(x 1 )=m 



Q(x 1 )=m 
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Let L+ C V+ be a lattice. Note that if ip+ is the characteristic function of a coset 
A++L+, then d v+ (m) is an integer which counts the number of vectors X\ G A++L+ 
such that Q{x{) — m. Also, V+(Q) is positive definite so m > in 

Now we compute the Fourier expansion of (F(t), + (t, 1)). We know F(t) G Sl 
for some lattice L C V. If we let L + =y + fli and L_ = U L, then generally the 
lattice L does not split, i.e., L ^ L + + L_. We have 

L + + L_cLcL v CL| + L V _. 

Let 

L v = \J(V + L),L = (J(A + L+ + L-), 

V A 

where r\ and A range over L v /L and L/{L + + respectively. If we write ?7 = 
?/ + + ry_ and A = A + + A_, then 

LV = U U fo+ + A + + L +) + ( ? ?- + A - + L -) ■ 

Let F(t) = J2 V ^»?( T V»?+£ f° r Vn+L = char(r/ + L). Then 

Pv+L = E ( < 5 'J++A++£+ ® V»7_+A_+i_3 
A 

and we have 

F ( T ) = E^'^E (^+ + A++L + ® <£>r,_+A_+L_) • 
tj A 

By definition of the contraction map, this gives 

(37) (F(t),6 + (t, 1)) = ]T F v( T ) e + ( T > 1; <Pv + +x++l + ) ■ 

n a 

From IpTFjl. we see that 

(F(r),0 + (r,l))e5 L _, 

but we point out that the cosets r/_ + A_ + L_ need not be incongruent mod L_. Let 
c^(m) = c Vij+i (m) and d v+ +\ + (m) = ci^ +A +L (m). Then the Fourier expansion 
of (F(r),0+(r,l)) is 

(F(r), + (r, 1))=EE(E ^Hq"*) ( E ( m )q m ) W+A-+X- 

7] X m m 

= EEE( E Cr,(m 1 )d rl++ x + (m 2 ))q m <p 11 _ + x_ + L- 

7] X m Wli +7712 =771 

= EEE c ''' A +( TO ) qm ^'-+ A -+ i -' 

»7 A m 

where we define 

C,,,A + (m) := ^ c 7? (mi)rf^ ++ A + (m 2 ). 

mi+m2— m 

The coefficients d n+ +\ + (m) G Z>o for m > and dr; + +A + (TO) = if m < 0. So 
assuming c^(m) G Z for m < implies C^,a + (to) G Z for m < 0, and this finishes 
the proof of Proposition 13. II □ 
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We have seen that the zeroth Fourier coefficient of the modular form F is very 
important. For example, it gives the weight of ^(F) 2 . When doing the general 
case, we use the contraction map to go from a modular form F £ S(V(Af)) to 
(F, 9+) £ S(U(Af)). Hence, we will want to know the zeroth coefficient of (F, 9 + ). 
For any modular form F £ S(U(Af)), define 

co(0)(F) 

to be the zeroth Fourier coefficient of F. 

Corollary 3.2. The Fourier expansion of (F(t),9 + (t,1)) is 

(F(r),9 + (r, 1)> = E EE C nM (™)Q m ¥V+A- +l_ , 

r; A m 

where 

C Vt \ + (m) = ^ c^(mi)d, )++ A + (m 2 ), 

mi+m2- m 

and 

(38) c q (0)((F,9 + )):=c q (0)((F(t),9 + (t,1)))=J2 E <W0). 

r, A 

r)_+A_=0 

3.3. The (n, 2)-Theorem. Recall that the lattice L may not split. For n £ L y /L 
and A £ L/(L + + L_) we write r\ = n + + ?7- and A = A + + A_. 

Definition 3.3. Define 

N( TO ) ; =E E Ki7-+A_(wi-Q(a:)). 

A x£r(+ + A+ + L + 

Note that Definition 12 . 1 71 implies the sum over x £ n + + A + + i + is finite. 

Theorem 3.4 (The (n, 2)-Theorem). Let F : ft ^ S L C S{V(A f )) be a weakly 
holomorphic modular form for V of weight 1 — ^ , with Fourier expansion 

(39) F(t) =^F n (r)<p v =^^c,Hq>„ 

where ip v = char(ry + L) and rj runs over L v / L. Also, assume c v (m) £ Z for m < 0. 
Define 

Hz,h;F) := / ((F(t),0(t,z,>O )W(t). 

For zq £ Dq we have 

(i) $(^o, h; F) is always finite, 

(ii) / &(zq, h; F)dh = 2 > / c ri {—m)n ri {m). 
J SO{U){Q)\SO{U){kf) ~ ,„> 

Proof. The regularized integral is given by 

$(*o,/i;F)= / 
Jr\i 

where the integrand is 

<i>(T) = ((F(T),6(T,Z ,h))) 

= (((F(r),6 + (r,l)),9-(r,h-))), 



(j)(T)dn(T), 

'r\sj 
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as in |3"4"jl . Hence, 

(40) $(z , h; F) = $(z , h.; (F(r), 0+(t, 1))), 

and Proposition ^ . 6l implies i|40|) is always finite. We remark that the regularization 
process does not depend on the integrand 4>(t) . 

For (ii), using 1)40(1 the desired integral can be written 

<I>(zo, h; F)dh 

SO(U){Q)\SO(U)(A f ) 



(41) = / *{zo,h-;{F(T),0 + (T,l)))dh-. 

Jso(u)(q)\so(u)(Af) 

Proposition ^. ll tclls us we may apply the (0, 2)-Theorem to (|41f) . Doing this we see 
6D = 2 Y, E E C ^ (~™K-+A- (m) 

J) A m>0 

= 2 EEE( E c>)(mi)^ + +A + (ro2))v+A-H 

r; A m>0 tni+mj=-m 

= 2 EEE ( E c, ; (mi)d, )++A+ (-m-TOi))K J) _ +A _(m) 

») A m>0 mi<0 

(42) =2 EEE ( E c n(- m iK++A+( m i -™))«t?-+A_(m)- 

») A m>0 mi>0 

If m > mi, then d ri++ \ + {m\ — m) = 0, so 

rf l;+ +A+ (mi - m)K, ; _ +A _ (rn) ) . 

Ami>0 0<m<mi 

Then 

E d v++ \ + (mi - m)K n _ + x_(m) 

'mi 

E (#1^ 6 T '+ + A + + i + I = TO 1 - m }) N-+A- ( m ) 



0<m<mi 



0<m<mi 



= 2J «»7_+a_(toi - Q(x)) 

0<Q(a;)<mi 
= E K »7-+A-(TOl - Q(x)), 

x£ri + + \ + +L + 

since Q(x) > and k^_+a_ (to) = for m < 0. So 

(O = 2 E E c ^( _to ) k '7( ? ' 



a 



We now state an important corollary of Theorem 13.41 which gives the average 
value of the logarithm of a Borcherds form over CM points. As in section 12.31 
let T = GSpin(/7) and let K C H(Af) be a compact open subgroup such that 
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F : fj -> 5f . Write K T = K n T(A/) and recall that we consider the set of CM 
points 

Z{U) K = T(Q)\(d x T(A f )/K T ) ^ X K . 

Corollary 3.5. (i) When z$ is not in the divisor of the Borcherds form ^f(F) (i.e., 
when flip holds), the result of Theorem \3.J\ can be stated as 

z£Z((/) K »7 m>0 

(ii) If U ~ fc = Q(\/— d) where —d is an odd fundamental discriminant, then we 
have the factorization 



I] ||*(2; F)| | 2 = rat • (4d7r) _1 e ) 



where rat G Q and co(0)((.F, 0+)) is i/ie zeroth Fourier coefficient of (F,6+), as 
defined in fS8p . Note that the degree of Z(U)k is 2hk, where hk is the class number 
of k. This factorization can also be written as 

r d _! -, c (o)«_F,e + )^ 

II ||*(«;iOI| a = r«t- (4*r) * Hi 

z£Z(U) K L a=l 

where Wk is the number of roots of unity in k. The transcendental factor appearing 
in this factorization is related to Shimura's period invariants |15 | .|5|.[T5 | . 

(Hi) 



lo. 



g(rat) = -hk^2 ^2 ^(-"^(E E K n _+\_{m-Q(x))y 



rj m>0 A x£ri++X++L+ 

Q(x)<m 



Proof, (i) follows from For (ii) and (iii) we have vol(-Kr) = 7^7, and we will 

see from Theorem 14.11 of the next section that 

(43) - h k^2 c v(- m )(Yl E K v _ +X _(m- Q(x)) 



r\ m>0 A x£rj + +\ + + L + 

Q{x)<rn 

is the logarithm of a rational number rat. From A(s, Xd) — 77 __ s~r (^-) L(s, Xd), 
we see 

So for the corresponding part of 143J1 that involves Ko(0), we have 

L'(l, X d) 



-h k c (0){(F, 9+)) { log(d) - log(Tr) + 2r'(l) + 2^ ] ] 



which equals 



The second identity in (ii) follows from the Chowla-Selberg formula (cf. Proposition 
10.10 of 14 ), which says 

L'(0,Xd) w k d 1 



L(0, X d) 2h ka t 
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□ 

As an immediate consequence of Corollary 13.51 and Theorem 14.11 of the next 
section, we obtain a Gross-Zagier phenomenon about which primes can occur in 
the factorization of the rational part of 

n n*(^)n 2 - 

z£Z(U) K 

For F as in (J2HJ), define 

Timax = max{m > | c,,(— m) ^ for some 77}. 

Theorem 3.6. Let —d be an odd fundamental discriminant and assume U ~ k — 
Q(\/— d) . Then the only primes which occur in the factorization of the rational part 
of 

n p(^)n 2 

zez(u) K 

are 

(i) q such that q \ d, 

(ii) p inert in k with p < dm max . 

Note that this fact holds for all Borcherds forms and all CM points. In addition, 
we point out that the modular form F is not needed in order to obtain m max . It 
can be recovered from the divisor of ^(F) 2 (cf. Theorem 1.3 of \V2\). 

4. Explicit computation of for t e Q>o 

In order to compute examples of our main theorem, we need to derive explicit 
formulas for K^t) for t <E Q>o- Our previous discussion of the Clifford algebra of U 
and Lemma f2 . 1 21 imply that, without loss of generality, we may assume U = k is an 
imaginary quadratic field with quadratic form Q given by a negative multiple of the 
norm-form. In this section we assume that L = a C Ok is an integral ideal and that 
Q(x) = — , so that L v = T>~ 1 a 7 where T> is the different of k. This is certainly 
not the most general possible lattice. Write as n(t, /i, o) for /i £ T)~ 1 a/a. For 

simplicity, we assume that k = Q(^/—d), where d > 3, d = 3 (mod 4) and is square- 
free, so that the prime 2 is not ramified. Let x be the character of associated to 
k, which is defined via the global quadratic Hilbert symbol so that x(t) — (t, —d)&. 
Then for a prime p < 00, the local character is Xp(t) — (A — d) p where ( , ) p is the 
local quadratic Hilbert symbol. 

Throughout this section we let p denote an unramified prime and q denote a 
ramified prime. Let /1 be a coset in D^ 1 a/a. Write fi q for the image of /i under the 
map 

V^ 1 a/a — * 2? -1 a 9 /a 9 , 
where a q = a <g>z Z g . For t G Q>o, we introduce the function 

p(t) =#{aCO t I Na = t}. 

This function factors as 

(44) p(t) = l[p p (t), 

p 
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where p p (t) = p(p mdp ^). The explicit formula for n(t, p, a) is given by the following 
theorem. 

Theorem 4.1. For p e V~ 1 a/a and t £ Q >0 , 

n(t,p, a) = -^-TTchar(Q(^ g ) +Z q )(t) x 

q\d 



p(dt) Vg(t, p)(ord q (t) + 1) log(g) + r) (t,fi) ^ (ord p (i) + l) p ( ^ ) log(p) 

q\d p inert 



P 



where 



= (1 -X,H)) JJil+Xq'i-t)) 



q'\d 

q'^q 

u /=0 



q\d 



We take rjo(t, p) = 1 if p q ^ for all q | d. For t = 0, 

A'(l, Xd ) 



k(0,0,o) = log(d) + 2 



A(l,x d ) 



Note that when p q ^ for all g | d we have /x) = for all q and rjo(t, p) = 1, 
and so we get a much simpler formula in this "generic" case. 

Proof. The value for t = is defined in Definition 12. 171 For t > 0, //, a) is given 
by the second term in the Laurent expansion of a certain Eisenstein series. These 
Eisenstein series have factorizations in terms of local Whittaker functions, and we 
use these factorizations to derive the above formula for n(t,p, a). Let ip^ q be the 
characteristic function of the coset p qi X — p~ s , and r = u + iv £ Sj. Using ^7] and 
|13|. we have the following formulas for the normalized local Whittaker functions. 
For p = 0, Lemma 2.3 of ^3] tells us we only need to consider t € Z, and for t > 
we have, 

(45) W t * 00 (r,s)= 7oo v^e(tu) / e- 2 ™u*{u-2tv)^ 1 du, 

L \2> J u>2tv 
ordp(t) 

(46) W t * p (s,<p ) = J2 (Xp(p)XY, 



„,» . , _i il + (q,-t) q X ord ^ +1 if ord„(i) is ever 



Here 700 and "f q are local factors which do not affect our global computations since 
7°o Ilg lq = 1; where the product is over all ramified primes. For an unramificd 
prime p, the local lattice a p = a £g>z Z p is unimodular. Note that here is where we 
have lost generality by assuming L = a is an integral ideal. Since a p is unimodular, 
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we only need to consider the Whittaker functions for nonzero cosets at ramified 
primes. For /x g ^ we have 

(48) W t * q (s, <p Mt ) = j q q-hh&r(Q{fx q ) + 1 q ){t). 

Note that in l|48|l . Wf q (s,ip^ lq ) is either a nonzero constant or is identically zero. 
Following |13j . the normalized Eisenstein series has Fourier coefficients given by 

(49) e;{t,s,^) =v-U^wi oo (T, s )Y[wi q ( s ,^)Y[w* p ( s ^ ). 

q\d p\d 

Write t = q aq u where a q = ord g (i). We now show that 147(1 can be combined into 
one nice formula. 

Lemma 4.2. W t * q (s, <p ) = 7«?~* (l + Xq (-t)X a * +1 ) . 
Proof. For a q even, we have 

(q, -t) q = {-t, q) q = (-*, -l) q (-t, -q) q = (-t, -l) q (-t, dq) g Xq(-t), 

and 



{-t,-l) q (-t,dq) q = (-t^-dq- 1 ), = 




For a q odd, 

(q,-dt) q = {-l) !L 5 L (q,d)q{q,t)q 

= ("I, q)q(q, d)q{-t, -q) q (-l, q) q (-t, -l) q 
= d)g(-t, -l) g (-t, dq) q Xq(-t), 

and 

(q,d)q(-t,-l)g(-t,dq)q = {q,d) q (-t,-dq~ 1 ) q 

= i. 

So lfT71) can be rewritten as 

(50) W t * q (s, Vo ) = 7 fl <T* (1 + Xq (-t)X a « +1 ) . 

□ 

Let us first compute n(t, fi, a) for fi = and t € N. To do this, we need the follow- 
ing special values for the local Whittaker functions, cf. Lemma 2.5 and Propositions 
2.6 and 2.7 of \T3\. 

Lemma 4.3. At s = we have 

(i)W t * oo (r,0) = - loo 2vie(tr). 

(it) Wt tP (0,<po) = pp(t), and if p p (t) = then 

W&'(0, W>) = ~(ordp(*) + 1)Pp log(p). 

(mj W t * q (0,ip o ) = J q q~Hl + Xq(-t)), a nd if Xq(~t) = -1 ^en 
^'(O^o) =7 9 9"'(ord,(i) + l)p,(t) log(g). 
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Given (|49J) . we consider different cases based on when one and only one local Whit- 
taker function vanishes at s = 0. Since (r, 0)^0 for t € N, there are two cases. 

Case 1 : W t * p (0, <p ) = for p unramified, W* p , (0, tp ) ^OVp' ^ p. 

W* p (0,>po) = implies that p is inert and ord p (i) is odd. Since Wf q (Q, <po) ^ 

for q ramified, we have Xq{~ *) = 1 an d Wf" q (0,(po) — r y q 2q~^ . Computing the 
derivative of the Fourier coefficient we get 



log(p)-(ord p (t) + l)p p - 



<j|d p'\d 

-v-idi lo o2vie(tT)2^Y[ 7q q-i [] ^(i) 



q\d 



V'\d 
p'^p 



= log(p)(ord p (t) + f ) Pp ( - ) e(ir)2^> \{p q ( - ) JJ 



since p 9 f^J = 1 and p p >(t) = p p > an d where is the number of primes 

dividing d. So we see 

(51) ^''(t.O,* 1 - ) = -log(p)(ord p (t) + 1)2"% e(tr). 

Case 2 : W^O, ip a ) = for 9 ramified, W t *j,(0, po) + Vp 7^ g. 

Wf^O, </?o) = implies Xq{~ t) = — 1 while for any ramified prime q' ^ q we 
have Xq'(-t) = 1 an d W^g' (0, ifio) = -f q '2(q')~? . In this case, we see 



q\d 
q'^q 



=j q q * log(g)(ord q (i) + l)p q {t) x 



p\d 



q\d 
q'^q 



(52) 



log( g )(ord 9 W + l)2^ d )p(i)e(ir). 



Recall that the definition of n(t, p, a) involves the non-normalized Eisenstein 
series, and at s = we have E*''(r, 0, $ 1 -^) = h k E'(r, 0, $ x ^). This fact and the 
above analysis, particularly (|51|) and H52|) . give 

K(i,0, a) = 

( E^W(° rd «W + M?) + E &(t)(ord„(t) + 1)P (-) log(p) j , 

hk \ q \d p inert W / 



:S2 



JARAD SCHOFER 



where 

!0 if Xg{~ t) = 1 or Xq(—t) = — 1 = Xg'( — t)i f° r some ramified prime 
q' ¥= Q, 
I if Xg(~ t) — ~ 1 an d Xq'(~t) = 1 for all ramified primes q' ^ q, 



and 



&(*) = 



if x g (— i) = — 1 for some ramified prime q, 

1 otherwise. 



Now we compute n(t, p, a) for fi ^ 0. One main thing to keep in mind is that 
there is at least one ramified prime q such that p q ^ 0, but the coset can be zero 
locally at other ramified primes. Write p = (p p ), where if p is unramified then 
p p = and let a(p) = ramified | p q = 0}. Again, we consider two cases. 

Case 1 : W t * p (0, <p ) = for p unramified, W t * p , (0, tp^, ) ^ Vp' 7^ p. 

The formula for the derivative of the Fourier coefficient is 



«-^w- t %(T, 0)^4(0,^) n w t v(o,^ ) 



Then after cancelling some terms and using Lemma 14.31 and 148|) , we get 



i(ord p (i) + f)p p Q 



2e(ir)2 Q ^ J| char(Q( Mg ) + Z,)(t) J] M*) 

?|<J p'fd 



If q is a ramified prime with p q 7^ 0, then W*„(0, y> Alg ) 7^ implies ord g (t) = — 1. 
This means p q (qt) = 1 and this also equals p q (dt). If p q = 0, then p q (t) = 1 = 

p g (cft). Similarly, p p f|J = p p f^J and p p ,(i) = = /y (y). We also see 

that if /i g = 0, then char(Q(p 9 ) + Z g )(i) = char(Z 9 )(t) = 1. So the above formula 
is 

(53) = -2°^ log(p)(ordp(t) + l)p (-) e(ir) []char(Q( Mg ) + Z,)(t). 
Case 2 : W t *,(0, <po) = for q ramified, W t * p (0, <p„ p ) ^OVp^q. 



Here the derivative is given by 



v--d--W t * oo (T,0) J] W t * q ,(0,<p„ ql )l[W t * p (0,<p o ) 

q'\d p\d 

<i'¥=q 



Iog(g)(ord,(t) + l)p,(t) 



-2e(tT)2 Q ^- 1 char(Q( M9 ) + Z g )(t)J]p p (i) 



(54) = -2°^ log( ? )(ord,(f) + l)p(dt)e(tT)]JdiET(Q(n q ) + Z,)(t). 
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Note that we do not consider the case where W t * g (0, (p^) — for [i q ^ 0, since 
then the Whittaker function is identically zero and there is no contribution to the 
derivative. Formulas (|53|l and l|54|) imply that for /i ^ 0, 

n(t,fi, a) = — ||char(Q(^ 9 ) + Z g )(i) x 

k ,\d 

(55) 

( ^e?(i,M)(ord g (t) + l) P (dt)log(q) + ^ e (*,/i)(ordp(t) + l)p ( - J Iog(p) J , 

V p inert VP/ / 

where 

'0 if /i g ^ 0, or /i 9 = and Xq(-t) = 1j or = -1 = Xq'(-t) 

for some ramified prime q' ^ q with /i^ = 0, 
1 if /i g = 0, Xq(~t) — — 1) ancl Xg'(~0 = 1 f° r a ^ ramified 
primes q' ^ q with = 0, 



and 



if x«( — ^) = — 1 an( i A*? = f° r some ramified prime g, 

1 otherwise. 



If we take fi = in the above equations, we see that £ q (t, 0) = £, q (t), £,o(t, 0) = £o(i) 
and = a(0). Also, when fj, = then t e N so p(cft) = p( f ) 5 p(y) = P (|) 
and the characteristic functions can be ignored. This means l|55|l holds when /j, = 
as well. We then note that once we sum over q \ d with fx q — we can replace 
2 a W£ ? (i, ^) with T7q(t, /x) and we have 

This finishes the proof of Theorem 14. II □ 
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